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Overview

0 Introduction

Q¢

irical Risk Minimization
e Growth Function and VC dimension

e Rademacher Complexity
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What is machine learning theory

@ Machine Learning Theory is also known as Computational
Learning Theory.
@ It aims to understand the fundamental principles of learning as a

computational process and combines tools from Computer
Science and Statistics.

inherent ease or difficulty of different typey of learning problems.
a" roving guarantees fa -g-, under what conditions will
they succeed, how much data and computatlon time is needed)
e Developing machine learning algorithms that provably meet desired

criteria.
o Mathematically analyzing general issues (e.g., "When can one be
confident about predictions-rradefronTlimited data?", "What kinds

of methods can learn even in the presence of large quantities of
distracting information?")
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Basic notation
jC
—
ned ﬁl
@ Input space/feature space : X X =

—

e Feature is a numerical description for a sample or object.
o Feature extraction is an art.

@ Output space/label space: Y
e E.g.: {+1,—-1}, {1,2,..., K}, R-valued output, structured output.
@ Loss function: £: Y x Y — R
e E.g.:0—1loss {(y,y) =1{y # ¥}, square loss {(y, ¥) = (y — ¥)?,
absolute loss 4(y, ¥) = |y — ¥|, cross-entropy loss

Uy,y)=—ylogy —(1—y)log(1 7).
o It measures performance/cost per instance (e.g., inaccuracy or
error of prediction).

@ Model class/hypothesis class@ @or H or H)
o Eg:F={x—fx:|fla<1}, F={xrrsign(fTx)}
= {c.;n4—|'nuou$ £ S

= RKH% (Re aAua"‘nﬁ ke-nel H:\Le,‘, ;\70“)
(0?‘\(4)/\54_ = NTK (Nez:al_ Tangent= Kernel etec
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x £, pY
@ Input space/feature space : X
e Feature is a numerical description for a sample or object.
o Feature extraction is an art.
@ Output space/label space: Y
e E.g.: {+1,—-1}, {1,2,..., K}, R-valued output, structured output.
@ Lossfunction: /: Y x Y — R
e E.g.:0—1loss {(y,y) =1{y # ¥}, square loss {(y, ¥) = (y — ¥)?,
absolute loss 4(y, ¥) = |y — ¥|, cross-entropy loss
Uy,y)=—ylogy —(1—y)log(1 7).
o It measures performance/cost per instance (e.g., inaccuracy or
error of prediction).
@ Model class/hypothesis class: F ¢ Y% (or H or H)
o Eg:F={x—fx:|fla<1}, F={xrrsign(fTx)}
F = fcan+l'nu°v$ £ S
F = RKHS (Requoduing kernel Wit 2pac)
- = NTK (Newol Tangert Kernel et<
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Probably approximately correct (PAC) learning

@ Learner only observes training samples

S= {(X1,}’1), (X23y2)a SRR (Xn,yn)}

— 3(»«"4 «rothe
< X1, Xo,...,Xn ~=Dx, yi = (x),i=1,2,...,n, where

e Goal: find 7 @to minimize gencr alize ol
- / error
Pany [F06) # F(x)]

@ Probably approximately correct (PAC) [Valiant 1984] learning is a
framework for mathematical analysis of machine learning.
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Probably Approximately Correct (PAC) Learning

iy In PAC learning, the learner receives samples and must select a
j( generalization function (called the hypothesis) from a certain class
of possible functions. The goal is that, with high probability
("probably™), the selected function will have low generalization
error ("e;ggo_imately correct"). The learner must be able to learn
the concept given any arbitrary approximation ratio, probability of
success, or distribution of the samples.

@ Sample complexity (definition):
Given , and sample complexity n(e, ) is the smallest n

such that we can a/ways f/nd forecaster f s.t. W/th probability at
least1 — 6, 0\. - ¥ s eptinet |

Paoy [1(%) 7é(ax)] <e

*Ehe learner knows that there exists a perfect f* that generates the Iaﬂ
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Statistical Learning (agnostic PAC)

@ Learner only observes training samples &i-vs) AP iI;D

S={(x1.y1), (X2, ¥2), .-, (Xn, ¥n)} —> §*

drawn iid from joint distribution D on X x ) ;l !

@ Goal: find f to minimize expected loss over future instances

N #£F
E(x,y)~[(f(X), ¥)] —-0f E(x y)~p[E(f(X), ¥)]

+he bes+ ene con do
@ Sample complexity (definition, denote L(g) = E[¢(g, -)]):
Given ¢ > 0, e > 0, and sample complexity n(e, 6) is the smallest n
such that we can always f/nd forecaster f s.t. with probability at
least1 — ¢,

Lp() - inf Lp(f) <e

* The learner doesn’t assume that F contains an error free hypothesis f.
Key differance . Agmsa—:c_ ¢ ¥ 32
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Online learning

( sequential in l’“’") ¥

€
@ Online learning
Fort=1ton (X‘XZ - et

Learner receives x, i\,’ Het 7 A)q
Learner predicts output y: € ), i = f(x;)
True output y; € ) is revealed

EndFor

@ Goal: minimize regret fixced

n

Reg,(F) := ,172 (Ve y2) — inf *Zf (xt), yt)

t=1

This course will only introduce the learning theory of offline and supervised
learning.
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Online learning

( §eblu\en+—\'aL. in PLH-)

@ Online learning

Fort=1ton
Learner receives x; € X

Learner predicts output j; € Y, J = f(x;)
True output y; € ) is revealed
EndFor
@ Goal: minimize regret fixed

Reg,(F) := %Zé(f/ty}/t) (f({t) ’X_) ,,S
t=1

t=1

Q: What = +the under,‘)’inj assu,mrh'a/\ D) ((Xf’ i) 4=l n)?
L At eoch Hme 4. (X ) is sampled from A (sraviseen ) distabukion,

This course will only introduce the learning theory of offline and supervised

learning. 2

het 5 'D+ s Cha"fﬂ"") ovesr dime

§
- \
Xe - Vs < P ynemic vegret ) ;du‘f.\—‘u& segrac—
Tongxin Li (SDS, CUHK-SZ) Lecture 03 Learning Theory



Minimax Rate
Previowsl/, wh P o0 (Shochastic m-deis)
@ How well does the best learning algorithm do in the worst case

scenario? Imagme - Thee is an odversasy attacking my medel.

Minimax Rate = “Best Possible Guarantee"

. N-i=|--- f’h /e Cr[Srf'S
ramework {(X'/‘/I) i=1-enf / € o

VIO(F) i=inf sup Egisien |Px-n, (F00) £ F(0))] (1)
? Dy frer

A problem is “PAC learnable" ifW/A9 — 0 as n — oc.

@ Statistical learning
m we bomé{ QM’ ‘}:> 7 (mw{er' some. aéswmeﬂd)S)

VU F) := infsupEg. g/=n [LD(IA‘) — inf LD(f)] (2)
syl feF

A problem is “statistically learnable" if VS — 0 as n — oc.

Tongxin Li (SDS, CUHK-SZ) Lecture 03 Learning Theory “ebruary 08



Empirical Risk Minimization

@ Empirical Risk Minimization (ERM): pick the hypothesis from
model class F that best fits the sample, i.e.,

Qéa%mmZE )+ %) 2(Remp(1) 3)
e»“?l/'l‘c-l_ V\$K
@ For a fixed functio@:cording to the law of large numbers, we

have
Remp(f) @ E((x).y)]  forn—s oo

true risk

v
vondomness  w.r-t. dota iz n butia 1)
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Empirical Risk Minimization

@ Empirical Risk Minimization (ERM): pick the hypothesis from
model class F that best fits the sample, i.e.,
- 1

n
fom S argmin— > "L (f(x1), 1) £ Remp(f) (3)
fer Ni5

@ For a fixed function f, according to the law of large numbers, we
have

Remp(f) — Ry = E[((f(x),y)]  forn—s oo

true risk

vond:y wort.  dota  distn butie)
e Boyes optmab funchion

.= orgmn u’f,[((»f(x» V)J
! y 7
so= B[ (foo .7 — B[4 (£63.7)] erces= vk

fn pracsce . £ is hed to ger,
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Tus+ some ervor kenchmorks

@ Empirical Risk Minimization - so +ac,
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Empirical Risk Minimization

@ Empirical Risk Minimization (ERM): pick the hypothesis from

model class F that best fits the sample, i.e., o whet we 42
/—2 . ?'“c,h‘g-q S
form|= argmlnf Z€ (xt), ¥t) = Remp(f) (3)
teF %N

e,,‘.?.,,ca( e,
@ For a fixed function f, according to the law of large numbers, we
have

emé
@ Generalization error bound -~ ¥
@ /‘5 jer\e,ral 12« by I/

E[€ y)] -~ Ze (Xt),ye) | <7 (I+ retlect<

ity
L test error the “'l’ Wb of
my M2 del training error ﬁé”“"‘“‘“’j v Arom
. . L. . trainiv + tesh ,
* Gonnection with Statistical Learning? 9t g )
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Empirical Risk Minimization

@ Hoeffdingsinequality
- Let Xi, X, ..., X, be independent random variables.
- Suppose S, = X1+ Xo+---+ Xpand a; < X; < b; Vi.
0

P(IS,—E[S,]| >¢) <2 __ 2
(150~ Bl = <200 (-5 )
ZEerJ

Exar\rlé.: X‘ ~ @I;(rnﬂall‘.\ (‘p.)

b, =1,

o - O.

P
X {
- O
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Empirical Risk Minimization

@ Hoeffdingsinequality
- Let Xi, Xo,..., X, be independent random variables.
- Suppose S, O Xo+---+X,and a; < X; < b; Vi.

P(IS:—EISH > )<2exp( 2 ;)
_ > 6) < e
! ! Z/ 1( _al)
@ Hoeffdingsinequality for ERM =4 (7(("(6' Ve

- Suppose supy, /¢y |€(y ¥l @ gsseme X420, Am P

2
P ( B0, )~ 2 30 ) ,yt)l > ) <2e0(-5) @
o O e

krve Aok empivicel ne
* What'’s the drawback of this bound?

LE [264()@»)] E] €50y )J

Suceme TID  wscnmphaN
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Empirical Risk Minimization

Cordinalipy + y F = { for=a. xeR | a= frasf{ 1F)=3

olistn bution £

@ ERM with finite class
Proposition 1

Consider the case when the hypothesis F has finite cardinality, that is
|F| < oo. For any loss ¢ satisfies sup,, ,.cy [¢(y,y')| < 1, we have

$580F) < B |sup [E[A(F(x). ——Zﬁ ytlgg,/logqﬂ%

The minimax rate is O (\/"’g,lf) | F | = cardinaiiy of =

-

sup
feF
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Empirical Risk Minimization

Cordinalip + F = {for=a. xeR | a= frasf{  1F1=3

olistn bution £

@ ERM with finite class

Proposition 1

Consider the case when the hypothesis F has finite cardinality, that is
|F| < oo. For any loss ¢ satisfies sup,, ,.cy |¢(y,y')| <1, we have

E[U(f(x),9)] - 5 Zf ). 1) ] <l8
assSumhin s |an
Th‘le minimax rate is O (W) suming |F| 9e

manl o rekZe In shakiedical 'e“mmj-

e The iid assumpron n be 'Q?\“‘d b Markingeles.

s vey unveclishie —>

log(n| F|2)
n

VyE(F) < Esg [sup

feF

causa| leorm '5

. In prackce. iid assumpxion weee ?
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Empirical Risk Minimization

?LROVQ _ Pl PB).

IA’F gMF‘ (
@ ERM with finite class {e - P

Proposition 1

Consider the ease when the hypothesis F has finite cardinality, that is
|F| < oo. For any loss ¢ satisfies sup,, ,.cy |¢(y,y')| <1, we have

2
] <8 [log n|F|
n

) )

VyE(F) < Esg [sup

fer [ ey __ZE st

The minimax rate is O (\/"’g,lf)

,,,5_ Zketch :
vg.ro—{— ) = 4ui> (&enzral izotion G”‘P(:F) ) s (

fe F
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Empirical Risk Minimization

Proof (partl):
I@LD(?W)— inf LD(f)] et ok L0

:ES :LD(?erm)]Orlnf ES [Zf Xt) Yt ] ing E=z K& inf

<Es LD(?erm) - f'g}c__ n Z C(f(xt) a}’t)]
t=1

Stot

Goal: bown OL Vi

Note +het \/fm(}) = inf Sup ES fl—p(:c)’ inf L,,(f)j
7 | fe F

Let's focus on thig |
. A
(Luls consider usmf) :Fennj
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Empirical Risk Minimization

Proof (part I):

Tongxin Li (SDS, CUHK-SZ)

LD(?erm) - inf LD(f)]

Lecture 03 Learning Theory

def of Lp(D

:LD(?erm i| — mf ES [ Zf Xt) Vi ]



Empirical Risk Minimization

Proof (part I):

<Es

<Es

(7=

7

<Es

LD(?erm) - inf LD(f)]

:LD(?erm i| — mf ES [ Zf Xt) Vi ]

Tongxin Li (SDS, CUHK-SZ)

LD(?erm) - flg,];-‘ﬁ Z@(f(xt) a}/t)] <«— from last skde
[ (ferm(X - *Zg ferm (xt) yt ]

:de/(» of LP t=1 dezf of ”Pam

sup |E [£(f(x), - - o(f

op [E1000.0] - § 3030

sup |E[((f(x), y)] —*ZE(f Xt), ¥t) ]

_fG]—'
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Empirical Risk Minimization

Proof (part I):

<Es

<Es
<Es
SR ™t
Fume T
[X SES

Tongxin Li (SDS, CUHK-SZ)

| feF

LD(?erm) - inf LD(f)]

:LD(?erm i| — mf ES [ Zf Xt) Vi ]

f i om last shd
LD(ferm)—flgﬁ_nze(f(xt)’yt)] <« fr last slde

[(ferm(x _*Zg ferm (xt) }/t ]

L det of LP =1 et of For,

sup[ e f(xz —725 }]

feF

sup

E[¢(f(x),y)] —fZE(f Xt) . ¥t)
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Empirical Risk Minimization

Proof (part Il):
VSl F) =infsupEg [LD(?) — inf LD(f)]
t D feF

<supEg [LD(?erm) — inf LD(f)]
D feF

from lest sll‘l_;gsngS [?g]?_ }E[g(f(X),y)] _lgg(f(Xt)7yt)]
10
<E E(f(x),y)| —= > ((f(x),
P Sks fgﬁw n; (f (xt), yt)

test error

training error
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Empirical Risk Minimization

Proof (part Il):
VSl F) =infsupEg [LD(?) — inf LD(f)]
t D feF

<supEg [LD(?erm) — inf LD(f)]
D feF

n

1
vom et slide <supEg [sup |E|£(f(x), — = L(f(Xxt), yt
fron to=s stde <supEs |sup E[((f(x), )] n;(()y)
>
< |sup B[00, 0]~ ES 00| | s
Sltg [sup X)) — = Xt), VYt o= |
:renSE»'S fEF |\ e’ n =1 I F
. ] test error
‘"“[UMV training error
sup E[00] < B[] . T remains Ao bound this generalizction
X s @ vandom vorable . ﬂﬁ?l
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Empirical Risk Minimization

Proof (part lll): Tdea: Using +he Hoeffding's Tnequelitr |

Es [sup E[Z(f(x),y)] _ 1 ie(f(xt%%) :| (from last Iec+wc>
feF n 4
10
=Egs ]lsup,ef‘ o(F(x), y)] SIS ()| <e fgp [((f(x),y)] - Zé(f (x)), v1) :|
+Es J]-supfg}' E[e(r00.5)] — 1 S0, e0f0x)p0)| > sup E[¢(f(x),y)] — ,Zg f(x), v1) ]
J

What are we olainﬁ 4

WP\)/ oo we need +his 2
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Empirical Risk Minimization

Proof (part lll): Tdea: Using +he Hoeffding's Tnequelitr |

1 (from  last+ Ier.+wc>
E E[6(f(x),y)] — =S € (f (%),
s [sup B0 = 7 3 ¢ () yr)]
1 n
=Es|1 2(f(x), _ 2 0 (f ,
s supfe}—‘ f(X)Y)]_*ZfHZ( f(xt),¥t) <€?g.g_ [((X) y)] nz ( (Xf) .yt) :|

+Es|1 E[((f(x), )] —*Zf f(xt),y)

>e fe]-‘

supre r [E €100 )] - § I, e(0)0)

velne 05— +He. vendom vncble

= % 2 =2
ferF

e Trincate +he
\ER(W)'V)}— L2 p(fa) )
iz

Sup
JeF
4unable
inko  Awo gortsS ¢ ,g 15 a tree Fom‘lme/f?r' Het 's n
© Z'< =} e This & « stondard, " Aruncarion  tedn 1ue
. ( " :Flobﬁbt'“?/ ‘H\fip/, which 4urns &
(&) z == (onceptratizn  n€E ualy into

on the uﬁxr

Mﬂ){ net be TLGHT ! (d‘f’hd("j beunds of Z.)
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Empirical Risk Minimization

Proof (partlllj:  lers crsder #e twe ports orc—proonc .

1 n
Es [sup |E|£(f(x), - = £(f(xt),
s [sup [(f(x), )] n;((t)yr)]
z'<e 1w

=Es|1 L(f(x), - — £(f(xt),

* | supre [ [e000.0] -5 S a0 <crer B0, 5)] nZ (F(x) yt)}

Es|1 Z'>¢ 2(f(x) — =) 1(f(x)
il Oy )]—12 o) >< rem B0, 5] Z (x), yt)

—> Can we bound this
P,abhbt' “9’ 2

>e> Lo We use +he Uion boud.
Tile, ory vounded  Lhen

< +2 [¢(f(x), y) Zé(f(x, 2yt

<6+Q( E(fX)y lZ€ (xt), »t)

2 o o bound ‘fl\‘S? N .
< e+ 4|F|exp (—2 How 4= » [Jf\ s Ante
C{{ﬁ_ﬁ( 7>,<ﬁ[?/- functien class

2
Let e = y/log(n|F|2)/n, we have V¥ (F) < 84/ 'E'("—n@? This finished the proof.
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v fe F. iPr( \ E[ €. 7] — —LZ £ (f5c0. »)’ >2)

= Q.exp(‘

o Ston A"”l

4 OU‘f

Form -

)

=<
£*n | .
The Hae—h‘dtnj's Inequcvloy
=3
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Empirical Risk Minimization

N = N= ﬂ(‘x>d) \ & S J ]o
Geep) Foo L
R 0+ I Y

2
:|§8 log n| Al

Ve F) < Es [sup
teF n

1 n
E[0(f(x), )] = = DL (F(x) . %)
t=1
- It shows the connection to

E[¢(f(x),y)] — %Zé(f(x,) V1)
t=1

sup
feF

- It requires that F is finite, i.e., | F| < oo
- How about | F| = 0o? How 4o messie the conplasity o F 7
. When F is tinte : 1 F|
A deeFer c[meqﬂ‘oﬁ:
. When F i an infinte set: 2
Ne+ slide
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Growth Function

@ Growth function (also known as shattering coefficient)

Given {(x;, i) }1<i<n and define S ={xq, X2, ..., Xn}. Let
Js = {f(x1).....f(xs) - f € B} and suppose

(x) €{0,TPI The growth function iSthe maximum number of
ways into which n points can be classified by the function class:
(xex2) (o- 0

o) :f‘g' < x) (1)

e When Fisfinite, G(F,n) < |F[.
o It always holds that G(7,n) < 27
o \We say F shatters Sif [Fs[}= 215! J ,
. Tn other woeds . "sha#cn’f? STl By of a medel 4o ‘(“5‘5"?/

n set of poirtS Fa{ecﬂ)/”_
., Tdea: F s infintte. bwt can be evaluoted ly/ finite semples |/
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Growth Function

@ Growth function (also known as shattering coefficient)
Given {(x;, yi) }1<i<n and define S = {x1, X2, ..., Xn}. Let
Fs = Fxy,.xn = 1f(X1),...,f(Xn) : f € F} and suppose
f(x) € {0,1}. The growth function is the maximum number of
ways into which n points can be classified by the function class:

G(F,n) = sup |Fs|

o When F is finite, G(F, n) < |F|.
o It always holds that G(F, n) < 2".
e We say F shatters Siif | Fg| = 2!9. ‘ o .
@ Uniform convergence bound oll prositle cslisbons b F
1 .
en
> e> < 2G(F,2n) exp <_T) (5)

1 n
E[L(f(x), ¥)] — P Zf(f(xt) Vi)
>~
. =
Connection with bound of V&2

Clam< P (sup
fer
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@ VC (Vapnik-Chervonenkis) dimension
The VC dimension of a class F is the largest n such that G(F, n) = 2”. In other
words, VC dimension of a function class F is the cardinality of the largest set
that it can shatters. It is a measure of the capacity (complexity, expressive
power, richness, or flexibility) of a set of functions.

@ Examples
o F ={f(x)=1I(x <0),6 € R}. Then it can shatter 2 points but for any three
points it cannot shatter. VC(F) = 2, ‘-2,
1 ‘e
5 0
17 2 ©

R -
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@ VC (Vapnik-Chervonenkis) dimension
The VC dimension of a class F is the largest n such that G(F, n) = 2”. In other
words, VC dimension of a function class F is the cardinality of the largest set
that it can shatters. It is a measure of the capacity (complexity, expressive
power, richness, or flexibility) of a set of functions.

@ Examples (F| =2

o F = {f(x)=1I(x <0),6 € R}. Then it can shatter 2 points but for any three
points it cannot shatter. VC(F) = 2.
o Fisasetof linesin 2-D space: VC(F) =3. £6)= Wet WX/ + UeXe

2.9
Q2 _ + / - +
* y B
— — — + —
3 points shattered 4 points impossible

@ Linear function in R?: VC(F) =7 &l t/ (Meybe one questi-n in your
e How about rectangles and circles in 2-D space? 0t )
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VC dimension

@ Sauer’s lemma

Lemma 1 (Vapnik,Chervonenkis,Sauer,Shelah)

Let F be a function class with finite VC dimension d. Then
>

P
G(F.n) 1 G(F.d)= 2

for all n € N. In particular, for all\a > d) we have

G(F, n) (%”)d.

. dhis bound is Aokt |
. his lemme con = usek to derivz  lower beundS o VO ofimcenseng
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VC generalization bound
o Recall that @

2
%@ P (;g; E[(f(x), y)] - LtZé(f(xt) V)| > e> < 2G(F,2n) exp G%’)

Let the RHS be some ¢ > 0 and then solve it for e. We have

E[((f(x), )] < — Zé(f X)) +\/4((|og(2G(f,2n))—|0g5))

n

_/—R
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VC generalization bound

@ Recall that
2
> ) < 2G(F,2n) exp <7%7)

P (sup

Let the RHS be some ¢ > 0 and then solve it for e. We have

E[A(fO), )] < — Zé(f X)) +\/4((|og(?G(f,2n))—|0g5))

E[(F(x). y)] - Ze(f(xf )

n

VvC Tnequo Iib”
@ Using Lemma 1 (suppose n > d), we have

4 (dvc log(287) — log 5))

E[((f(x), y)] < ~ Zz F() 1)+ J o

The bound is very general (loose) since VC dimension only depends
function space but not the dataset.
Can we tighten the bound?
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e Rademacher Complexity
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Rademacher complexity

@ Rademacher variable@’(a,- =1)=Ploi=-1)=1}
@ Empirical Rademacher complexity

6i= 1 ¢
1 n
. ) . 62
R(F) @[%g - i§_1§m)‘g,)] Lo

e It is a measure of the capacity of a function space and depends on
both dataset and F
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Rademacher complexity

fxi) e {’Ir /3
e Rademacher variable o;: P(0; =1) = P(o;j = —1) =}
@ Empirical Rademacher complexity
n

’
sup — Y oif(xj) o |
’Ef”; ] L(ﬂf —,;—iz_l\sae(mﬂ

fe F

R(F) :=E,

e It is a measure of the capacity of a function space and depends on
both dataset and F This weoswes the biggest [difteena

@ Uniform convergence bound of the (o555 measwed ovef the whele

-min ond the sample sed.

< 2EsR({=F)

(a buse ns Maﬂ)

1 n
Es lfg]g {E[f(f(X),Y)] - ;5 (f () %)}
N _—

=4
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Rademacher complexity

Proof (part I): =z

_ /m
Eg ?gﬁ {E[f ]—*Zf (f(xt), yt H
- .
=Es _?Eﬁ{ES'[n;w(X{) ,y{)} - nze(f(xt),}’t)}]
- .
[;g;{nga o]

=Esg

sup{ Zf ;)—nZE(f(X,),yt)}]

' (xi: Y1)y owe semPles from
(X<t v )y wre se=Ple>  \We have ! introduced a dummy dataset S'.

from & What does this inequality mean?
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Rademacher complexity
Proof (part Il):

Es.s [sup{ Vi) = *Zf y,)}]

e
=Ess lsw{ ( UCIBARTUCINNED I AUEINT! 4("()(/)#/))) }]

i

m /\/(2\9—/\
=E, [’;'Eug{,, <f< (). ) — U7 (x), n)+§j( f(x,-’),y,-/)—af<x,-),y,->)) }]

chonges -f signs vl D’y swikch @ od -
bt @ ad © we iid
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Rademacher complexity

Proof (part Il):

1
Ess |supq —
rer | 45

=Es,s |sup
feF

= E
SSo‘l

> oe(f( Ze }’t)}]
1 ( (FO), ) = F09), ) + D (£ (F), ) —E(f(x/)»y/))> }]
e

i#]

109, 97) = (0o ) + S (£ (F09).9)) = e, y,)))}]

i#]

%Z_: (E (F(x)), y}) —f(f()(j)7},l.))} 6= {5', 62.... 6,.57

¢
2t
{
{

- Wun
m
w5
——
I
E s
—
X
N—r
=,
N—
———
+
me
Yo
—
S|=
1
Q
B
=
X
N—r
=<
———
[ —
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Rademacher complexity

Proof (part Ill):

Es [SUP {]E[Z(f(x),y)] - lZé(f(Xt),yt)}]
1
<Ess [SUP{ Zf {)—lZf(f(Xf),yt)}]
=1

< E [?:“B{ Za, }+sup{;2cr,é(f(x,),y,)}]

=EsgRg f”f)-i- EsRs(Le° oF)
=2EsRs(€°F)

This finished the proof.
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Rademacher complexity bound

Combining Es [sup;c» {E[(f(X), ¥)] — 2 S0, £(F (%), 1) }] < 2EsRs(F) with

Lemma 3 (McDiarmidsinequality)
Let x4, .

.., Xn be independent random variables taking on values in a set A and let
ci,...,Cn be positive real constants. If o : A” — R satisfies

sup o (Xt, .. X X)) — o (X1, X xn) | < i
X{ 500, Xn, X! €A

for1 <i < n, then
2 n
P(o(Xty oo Xn) —E[p (X1, ..., xa)] > €) < @2/ T
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Rademacher complexity bound

Combining Es [supse {E[¢(f(X), ¥)] — 2 Sr4 €(f (), ¥)}] < 2EsRs(eer)with

Lemma 3 (McDiarmidsinequality)
Let x4, .

.., Xn be independent random variables taking on values in a set A and let
ci,...,Cn be positive real constants. If o : A” — R satisfies

sup o (Xt, .. X X)) — o (X1, X xn) | < i
x1,...,xn,xl.’€A

for1 <i < n, then

P(p(xt,....xn) ~Elp(x,....x0)] > &) < €2/ Z% 2
. Z(5) = a cedem voriable 4har depnds on the dataser S oand  f .

n
Tdea s Pk Xn)=—> =T (E[((m,y)]— ﬁzu,c(xnﬂ))
JGF £=|

Henee .  wP l [/(x.,‘. Xi o+ Xn) ”?ﬂ(x"" Xl ’X"D} = —;ll_
sme L(.) € Lo 1].
= P (¢- BTz 2) < ep (2€°)

So, w.p ot leask |- exp(-2£2n), ¢- E[P]<£.
Tongxin Li (SDS, CUHK-SZ)
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Rademacher complexity bound

Combining Es [supse {E[¢(f(X), ¥)] — 2 Sr4 €(f (), ) }] < 2EsRs{-F)with
Lemma 3 (McDiarmidslnequality)

Let x4, ..., xn be independent random variables taking on values in a set A and let
ci,...,Cn be positive real constants. If o : A” — R satisfies
sup o (Xt, .. X X)) — o (X1, X xn) | < i
Xg 53 Xn,X] EA

for1 <i < n, then
2 n
P(o(Xty oo Xn) —E[p (X1, ..., xa)] > €) < @2/ T

Assume 0 < ¢ < 1, thus with probability at least 1 — §, we have
u.gﬂ‘j the ctandord  Aruncekion -iCChfl que

sup E[¢(f(x), y)] Ze (xt), yr }

<Es |:sup {E[é(f(x) y)]-—= Zé }’t)}

t=1

log(1/0)
2n

(why 7D < 2EsRs(F) + 'Og( /5)
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Rademacher complexity bound

We have got
sup {E[e )V -~ Ze yt)}
feF

< 2EgRs(-F) + logén/é)

Apply McDiarmid’s inequality again on Rademacher complexity itself.
The bounded difference of Rg(t-7) := Eo supser + 374 oif (x;) is still
1/n. Then with probability of at least 1 — §, we have
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Rademacher complexity bound

We have got
sup {E[e )=~ Ze yt)}
feF

| 1)
< 2EgRs(e) + °gén/ )

Apply McDiarmid’s inequality again on Rademacher complexity itself.
The bounded difference of Rg(t=p) := E, supser + 374 oif (x;) is still
1/n. Then with probability of at least 1 — §, we have

sup {E[f ), ¥l — *Zf Yt)}

eF

< 2Rs(tF) + 3 Iog;Z/(S) <— Arpy e Mepienids epactly
n

twic

*Note that ESRS«’H S \/@_ (Lhy ?) The Massat's lemma
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Rademacher complexity of linear function class
Prawp(es .

Linear function space: F» = {x — (w, x) : |[w|2 < 1}

Let S = (x4,X2,...,X,) be vectors in a Hilbert space. Suppose
x| < B,i=1,2,...,n. Define:

FooS={((W,Xq),....,(W,Xp)) : [|[W]2 <w}.

ThenR (Fo0 S) < “\’/—%
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Rademacher complexity of linear function class

Proof (part I):

R(Foo8S)=FEs | sup — oia;
( ) aG.FgOS Z h
1 B n
= —E, sup oi (W, X;) Ai=<W-Xi>
n wwi<e 5
1 = ; duct=
= _E, sup w, Zaixi [;,,aa,u// of inner pro luc
nwiwi<w 1
1 B n
LI, | sup |w| > o (Cauchy-Schwatz inequality)
n wiwi<w paw

ZO’,‘X,’

" " o\ 1/2
:| - 7EU
n -
i=1

1/2
] ) (Jensen’s inequality)

2
s“’Ea{
n

n
E oiX;
i=1
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Rademacher complexity of linear function class

Proof (part Il):

R(FQOS):EU[ sup Za,a,]

a€.7:20$
] > 1/2

(EU
Eo Za;m‘ <Xi,Xj>] &i's oe Rademacher vaables

IN
SIE

n
E oiXj
i=1

SIE

:% (Z(x,,x,)]E [a,aj]+z Xi, X;) Eq [ ﬂ)
i ;/\_/ >
n Efé ]Hfé?]
=Y I wip <2 T
MR

=1

This finished the proof.
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Generalization bound of linear models

If the loss function ¢ is n-Lipschitz, we have

R(Co F) <NR(F)

l((x')f f(x)l = 7 lx- XUl - v x x'€
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Generalization bound of linear models

If the loss function ¢ is n-Lipschitz, we have

R(Co F) < R(F

Linear function space: Fo = {x — (w, x) : |w|| < w}. Suppose
x|l < B,i=1,2,...,n. Then with probability of at least 1 — §, we have

sup {IE[E f(x),y)] — —ZE }

f€.7:2
2nwB log(2/9)
<
SN +3 5n
Or equivalently, suppose f € F», then with probability of at least 1 — 6,
217wB log(2/9)
E[¢(f(x), y)] ZE f +3 T
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Learning outcomes

@ Understand the concepts of PAC, agnostic PAC, generalization
bound, growth function, VC dimension, and Rademacher
complexity.

@ Understand the properties of the three generalization error
bounds we have learned.

@ Be able to compute the Rademacher complexities for some simple
function classes.

@ Be able to derive the generalization bounds for some simple
machine learning models.
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